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We study the three-dimensional U(1) lattice gauge theory of a CP! spinon (Schwinger boson) field and a
Higgs field. It is a bosonic #-J model in slave-particle representation, describing the antiferromagnetic (AF)
Heisenberg spin model with doped bosonic holes expressed by the Higgs field. The spinon coupling term of the
action favors AF long-range order, whereas the holon hopping term in the ferromagnetic channel favors
Bose-Einstein condensation (BEC) of holons. We investigate the phase structure by means of Monte Carlo
simulations and study an interplay of AF order and BEC of holes. We consider the two variations in the model;
(i) the three-dimensional model at finite temperatures, and (ii) the two-dimensional model at vanishing tem-
perature. In the model (i) we find that the AF order and BEC coexist at low temperatures and certain hole
concentrations. In the model (ii), by varying the hole concentration and the stiffness of AF spin coupling, we
find a phase diagram similar to the model (i). Implications of the results to systems of cold atoms and the
fermionic #-J model of strongly correlated electrons are discussed.
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I. INTRODUCTION

In recent years, cold atoms have attracted interest of many
condensed-matter physicists. Systems of cold atoms have ex-
hibited (and shall exhibit) various interesting properties such
as Bose-Einstein condensation (BEC), superfluidity (SF)
caused by the BEC, magnetic ordering, etc. Both for
condensed-matter experimentalists and theorists cold atoms
offer an ideal testing ground to develop and check their ideas
because one can precisely control parameters characterizing
these systems such as dimensionality of the system, strength
of interaction among atoms, concentration of atoms, etc. An
example of these ideas is a possible interplay of magnetic
ordering and BEC (or equivalently SF), although coexistence
of these two orders seems not to have been reported experi-
mentally so far.

A standard model of cold bosonic atoms with repulsive
interactions may be the bosonic Hubbard model in which
electrons are replaced by bosonic atoms. For definiteness,
one may consider hard-core bosons to describe these bosons.
Then, from such a bosonic Hubbard model one may derive
the bosonic t-J model as its effective model for the case of
strong on-site repulsion and small hole concentrations. This
derivation is achieved just by following the steps developed
in the theory of high-7. superconductivity to derive the fer-
mionic 7-J model from the standard Hubbard model by trac-
ing out the double-occupancy states.

Therefore, to study the interplay of magnetic ordering and
BEC of bosonic atoms, it is natural to start from the bosonic
t-J model. In fact, very recently, Boninsegni and Prokof’ev!
studied this phenomenon by using the bosonic #-J model
where each bosonic electron is considered as a hard-core
boson. They applied this model to study bosonic cold
atoms.?? Because the model is purely bosonic, one can em-
ploy numerical analysis. By quantum Monte Carlo (MC)
simulations, they studied the low-temperature AF+BEC
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phase diagram of the two-dimensional (2D) model for the
case of anisotropic spin coupling J, ,=aJ ,a<1, and found
the coexistence region of AF order and BEC as a result of the
phase separation of hole-free and hole-rich phases.

The bosonic #-J model has another important reason to
study, i.e., it resembles to the fermionic #-J model of the
high-temperature superconductors. There the interplay of
magnetism and superconductivity (SC) is of interest as one
of the most interesting problems in strongly correlated elec-
tron systems. At present, it is known that SC and antiferro-
magnetic (AF) Néel order can coexist in clean and uniform
samples of the high-T. cuprates.* Some theoretical works
also report the coexistence of SC and AF order at 7=0.> As
this phenomenon appears as a result of interplay of fluctua-
tions of quantum spins and BEC of superconducting pairs,
simple mean-field-like approximations are inadequate to ob-
tain reliable results to the relevant questions, e.g., whether
the #-J model of electrons exhibits this coexisting phase.

Not only these AF and SC transitions, the fermionic #-J
model is expected to describe the metal-insulator transition
(MIT) as observed in the cuprate high-T, superconductors.*
At present, it seems that no well-accepted theoretical results
for MIT beyond the mean-field theory have appeared.

In these situation, study of the bosonic t-J model beyond
the mean-field theory shall certainly shed some lights for
understanding of these interesting problems in the fermionic
t-J model. Then one can take advantage of the bosonic na-
ture of involved variables, which affords us to perform direct
numerical simulations.

In this paper, we study the bosonic #-J model. As ex-
plained above, our main motivations are the following two
points: (a) studying the interplay of AF and BEC in the cold
atoms. (b) Getting insight for the AF, MIT and SC transitions
of cuprate superconductors.

We shall introduce a new representation of the bosonic ¢-J
model for a s=% isotropic AF magnet with doped bosonic
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holes, and investigate the phase structure of the model by
means of the MC simulations. Explicitly, we start with the
slave-fermion representation of the original #-J model of
electrons where the spinons are described by a CP! (complex
projective) field and holons are described by a one-
component fermion field. Then we replace the fermion field
by a Higgs field with fixed amplitude [U(1) phase variables]
to obtain the bosonic #-J model. Thus the present model can
be regarded as a slave-particle representation of the bosonic
t-J model that is a canonical model for cold bosonic atoms in
optical lattices.

The usefulness of the slave-particle representation in
various aspects has been pointed out for the original fermi-
onic #-J model. We expect that similar advantage of the
slave-particle picture holds also in the bosonic #-J model.
One example is given by a recent paper by Kaul er al.®
They argue a close resemblance in the phase structure
between the fermionic 7-J model and the bosonic one.
Gapless fermions with finite density should destroy the
Néel order. Furthermore, they induce a phenomenon similar
to the Anderson-Higgs mechanism to the U(1) gauge dynam-
ics, i.e., they suppress fluctuations of the gauge field strongly
and the gauge dynamics is realized in a deconfinement
phase.” Similar phenomenon is known to occur in the
massless Schwinger model, i.e., (1+1) dimensional quan-
tum electrodynamics, in which the long-range Coulomb
interaction is screened by the gapless “electron” with a
finite density of states.® The Higgs field introduced in the
present model to describe bosonic holons plays a role similar
to these fermions, and then study of the bosonic 7-J model
may give important insight to the fermionic 7-J model,
in particular, properties of low-energy excitations in each
phase.

The present paper is organized as follows. In Sec. II, we
shall introduce the bosonic #-J model in the CP'-spinon and
Higgs-holon representations. We first consider the three-
dimensional (3D) model at finite 7. An effective action is
obtained directly from the Hamiltonian of the fermionic 7-J
model by replacing the fermionic holon by bosonic Higgs
holon. In Sec. III, we exhibit the results of the numerical
study of the model and phase diagram of the model. We
calculated the specific heat, the spin and electron-pair corre-
lation functions, and monopole density. From these results,
we conclude that there exists a coexisting phase of AF long-
range order and the BEC in a region of low-7 and interme-
diate hole concentration. In Sec. IV, we shall consider the 2D
system at vanishing 7. We briefly review the derivation of
the model. In Sec. V we exhibits various results of the nu-
merical calculations and the phase diagram. Section VI is
devoted for conclusion.

II. BOSONIC ¢-J MODEL IN THE CP!-HIGGS
REPRESENTATION: 3D MODEL AT FINITE 7°S

In this section, we shall introduce the bosonic 7-J model
in the CP'-spinon representation. In particular, we first focus
on its phase structure at finite temperature (7). To be explicit,
let us start with the spatially 3D original -/ model whose
Hamiltonian H is given by
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EX(r = (1 - C;&Cxﬁ') C.m"

2 1

S, = ECi&Cx (¢:Pauli matrices), (2.1)
where C,, is the electron operator at the site x satisfying
the fermionic anticommutation relations. of{=1(1),2(])]
is the spin index and 1=2,2=1 denote the opposite spin.
u(=1,2,3) is the 3D direction index and also denotes the
unit vector. The first ¢ term describes nearest-neighbor (NN)
hopping of an electron without changing spin directions, i.e.,
ferromagnetic (FM) hopping. The second J term describes
the NN-AF spin coupling of electrons. The doubly occupied

states (CITCMO)) are excluded from the physical states due

to the strong Coulomb repulsion energy. The operator EXU
respects this point. We adopt the slave-fermion representa-
tion of the electron operator C,, as a composite form,

-
Cxa’ - 'r//xaxo"

where i, represents annihilation operator of the fermionic
holon carrying the charge e and no spin and a,, represents
annihilation operator of the bosonic spinon carrying s=1/2
spin and no charge. Physical states satisfy the following con-
straint:

(2.2)

(E @ g+ ¢lwx)|phys> = |phys). (2.3)

In the salve-fermion representation, Hamiltonian (2.1) is
given as

+ J Fa f=
H=-t E lr/jxaxt,uaxwxiy, + ZE (alo-a)xﬁu : (CIIO'CI)X.
X,k

x,Eu

(2.4)

We employ the path-integral expression of the partition func-
tion Z=Tr exp(—BH) of the t-J model in the slave-fermion
representation, and introduce the complex number a,,(7) and
the Grassmann number ,(7) at each site x and imaginary
time 7e[0,8=(kzT)"']. The constraint (2.3) is solved’ by
introducing CP'-spinon variable z,,(7), i.e., two complex
numbers z,,Z,, for each site x satisfying

> Zwze=1, (2.5)

and writing

o= (1 - lz'xlr//x)llzzxo" (26)

It is easily verified that the constraint (2.3) is satisfied by
Egs. (2.5) and (2.6). Then, the partition function in the path-
integral representation is given by an integral over the CP'
variables z,,(7) and Grassmann numbers ¢, (7).

The bosonic #-J model in the slave-particle representation
is then defined at this stage'® by replacing i, by a U(1)
boson field ¢, (Higgs field) as
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Yo — S =expliey), (2.7)

where 8(=(i4!4,)) is the hole concentration per site (doping
parameter), i.e., (X,C’ C,,)=1-6. Here we should mention
that we have assumed uniform distribution of holes and set
the amplitude in front of ¢, a constant (1/8). Validity of this
assumption was partly supported by the numerical study of
the closely related model with an isotropic AF coupling.'!!
Actually, it is reported there that the ground state of the
bosonic #-J model (with J,=J,=J,) is spatially uniform
(without phase separation) for J/¢=1.5. We shall discuss on
this point further in Sec. VL.

We shall consider the system at finite and relatively high
T’s, such that the T dependence of the variables z,, ¢, are
negligible (i.e., only their zero modes survive). Then the ki-
netic terms of z,,, ¢, including z,dz,/d7, d.d b,/ T disap-
pear, and the T dependence may appear only as an overall
factor B, which may be absorbed into the coefficients of the
action and one may still deal with the 3D model instead of
the 4D model.

To obtain a description in terms of smooth spinon vari-
ables, we change the CP! variables z,,, at odd sites (the sites
at which x; +x,+x; is odd) to the time-reversed CP! variable
2o AS

old new _ zold _ —old _ X Xy txr
Lo 7 Lo T e = E Ea'o"zng for € = (_) 2 = — 17

!
o

(2.8)

where €., is the antisymmetric tensor €,=—€;=1,¢€;
=€,=0. (Thus Z,;=Z,y,%0="2,1.) We stress that this is
merely a change in variables in the path integral. (The AF
spin configuration in the original variables becomes a FM
spin configuration in the new variables.)

In this way, the partition function Z of the 3D model at
finite 7”s is given by the path integral,

z=| 11

X(X1,X2>JC3)

[dzxdqul_[ dUw]exp A, (2.9)
w

where the action A on the 3D lattice is given by

A=Ag+Ay,
2 _
AS = 32 (ZX+,qup,Zx + C.C.) s
X
C3 _ . o :
Ah = E E Zx+p,2x¢x+,u,¢x + E ZXZX+#¢)C+#¢X +c.c.|,

xeeven,u xeodd,u

(2.10)

where 7'z=3 7'z, etc.!> We have introduced the U(1)
gauge field U,,=exp(if,,) on the link (x,x+u) (u
=1,2,3) as an auxiliary field to make the action in a simpler
form and the U(1) gauge invariance manifest. It corresponds
t0 Uy ZuZusp! [Z02us ] - In fact, one may integrate over U,
in Eq. (2.9) to obtain =, log Iy(c7|Z,, .2,|) in the action (I is
the modified Bessel function), which should be compared
with the original expression =, |7, ,2,/% Both actions have
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similar behavior and it is verified for c;=0 that they give rise
to second-order transitions at similar values of c;.

The action A is invariant under a local (x-dependent) U(1)
gauge transformation,

iIN
Zre — € Zyqs

U, — e’)‘XﬂLUme_”‘X,

b, — €Ny (2.11)

The gauge-invariant bosonic electron variable B,, is ex-
pressed as a composite as

Z,s for €,=1,

B, = o x { (2.12)

Zyo for €,=—1.

From Egs. (2.4) and (2.10), and the asymptotic form of
log Iy(x), the parameters c¢; and c; are related with those in
the original #-J model as

JB for ¢;>1,
€ (2IB)'? for ¢; <1,

In terms of holons and spinons, one of our motivations is put
more explicitly. In the slave-fermion representation of the
fermionic #-J model, the holon-pair field ®,,= ¢,i,,, de-
fined on the link behaves as a boson and a SC state appears
as a result of its BEC. Hoppings of ®,, are to destroy the
magnetic order because of their couplings to spinons as

ASCN 2 (Z_-x+sz)(I)x,u,(Zc+;LZx+,u+V)q_)x+v,pn (214)

X, M,V
which is similar to Ay, in Eq. (2.10). The difference is that ¢,
is the site variable, while (IJW is the link variable. Therefore,
to study the CP! model coupled with ¢, may give us impor-
tant insight to the dynamics of CP' spinons and holon pairs
on links, in particular the interplay of the AF order and SC.

At the half filling (6=0), only the spinon part A, survives,
which describes the CP' model. The parameter c,
~J/(kgT)=Jp controls fluctuations of z, and U,,. The pure
CP' model A, exhibits a phase transition at ¢;=c;,~2.8.* In
the low-T phase (¢, >c/,.), the O(3) spin variable,

> - -

S, =7,06z, S,-S.=1, (2.15)

made out of z,, has a long-range order, lim‘xbcx,(SéxSao)=m2
#0, i.e., the Néel order in the original model. [Note that the
replacement (2.8) leads to S)ECW:GXS);M, so an AF configura-
tion of S corresponds to a FM configuration of S™%.
Throughout the paper we use the terms AF or FM configu-
rations referring to the original spins $°.] The low-energy
excitations are gapless spin waves, and the gauge dynamics
is in the Higgs phase. The high-T phase (¢;<c;.) is the
paramagnetic phase, where the gauge dynamics is in the con-
finement phase and the lowest-energy excitations are spin-
triplet bound states §X of the spinon pairs.

Let us next consider the role of the holon part A;. Ay
comes from the hopping ¢ term in Eq. (2.1) and the parameter
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FIG. 1. (Color online) Specific heat for L=24 vs ¢, for fixed c;.

It exhibits a peak of AF transition at ¢;=2.8(2.95,3.25) for c;
=0(0.5,1.0).

c5 is expressed as in Eq. (2.13). The spinon-pair amplitude of
z, and z,,, in A, such as 7,7, measures the NN FM order of
the original O(3) Heisenberg spins due to the relation,

_ 1 L.
|Z_-x+,u : Zz|2 = 5(1 =S, Sx+,u,)‘ (2.16)
Thus A, favors both a FM coherent hopping amplitude,
(ZysuZw and a BEC of ¢,. In other words, a BEC of ¢,
requires a short-range FM spin ordering.

III. NUMERICAL RESULTS I (3D MODEL AT FINITE 7°S)

In this section we report the results of Monte Carlo simu-
lations that we performed for the system given by Egs. (2.9)
and (2.10). We considered the cubic lattice with the periodic
boundary condition with the system size (total number of
sites) V=L3 up to L=30, and used the standard Metropolis
algorithm. The typical statistics was 10° MC steps per
sample, and the averages and errors were estimated over ten
samples. The typical acceptance ratio was about 50%. In the
action we added a very small but finite (~1077) external
magnetic field.

Let us start with the region of relatively high 7’s. In
Fig. 1 we show the specific heat per site C,

1
= —((A-(A)?), (3.1)
14
as a function of ¢, for several values of c;. C exhibits a peak
that shifts to larger c¢; as cj is increased. This transition is

7
6

(9]

2 2.5 3 3.5 47
C1
FIG. 2. (Color online) Size dependence of the specific heat for
C '5:05
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FIG. 3. (Color online) Scaling function ¢(x) of Eq. (3.2) deter-
mined from the data of Fig. 2.

nothing but the AF Néel phase transition observed previously
for the c3=0 case.!® Figure 1 and the relations (2.13) show
that the Néel temperature is lowered by doped holes as we
expected.

In Fig. 2 we present the system-size dependence of C for
¢3=0.5 in which the specific heat C develops moderately but
systematically as we increase L. We fitted this L by using the
finite-size scaling of the form,

C(cy,L)=L7"$(L""e), (3.2)

where e=(c,—c;.)/c;. with the critical coupling ¢, at infi-
nite system size, and o, v are critical exponents. In Fig. 3
we show the determined scaling function ¢(x), from which
we estimated the critical exponent of correlation length as
v=1.7.

In Fig. 4 we present C as a function of c¢; for fixed c;.
There exist two peaks in C. To study the origin of these
peaks, we define the “specific heat” C, and C}, for each term
A, and Aj, of the action (2.10) separately as

1

Can= A An = (A (3.3)
In Fig. 5 we present C and C}, for ¢;=3.1, in which C, has a
peak at ¢3=0.8, the smaller-c; peak position of C while Cy
has a peak at c3=1.3, the larger-c; position of C. From this
result, we identify the peak at smaller c; expresses the AF
transition in Fig. 1, which is generated by A, and the peak at
larger c; expresses the BEC transition, which is driven by A;,.
Because each peak develops as L is increased, they are both
second-order phase transitions. The critical exponent of C, of
Fig. 5 is estimated as »=0.70.

0 03 1.0 I3
Cs

FIG. 4. (Color online) Specific heat for L=24 vs ¢ for fixed c;.
There are two peaks, which indicate the AF transition (in the
smaller ¢z region) and the BEC transition (in the larger c3 region).
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FIG. 5. (Color online) Specific heat C; and C}, of Eq. (3.3) at
¢;=3.1 and L=24. The location of peak of Cy) almost coincides
the location of peak of C in Fig. 4 at smaller(larger) c;.

Let us turn to the low-T (large-c;) region and see what
happens to the AF and BEC phase transitions. In Fig. 6, we
present C for ¢;=6.0. Again there exist two peaks but the
order of them is interchanged. Both peaks develop as L is
increased, and therefore both of them are still second-order
phase transitions. As c3 (or equivalently &) is increased, the
transition into the BEC phase takes place first and then the
AF phase transition follows. This means that there exists a
phase in which both the AF and BEC long-range orders co-
exist.

To verify the above conclusion, we measured the spin-
spin correlation Gag(r) of S, and the correlation Gggc(r) of
the gauge-invariant “composite electron” pair variable V., in
each phase,

1 - -
GAF(r) = _E <Sx+r,u : Sx>a (34)
3V
1 _
Gppc(r) = m)ﬂ%v <Vx+rv,,uvx,u> +c.c.,
_ Zx+p.Zx’ €. = 1 5
Vx,u = ¢x+,u,¢x X _ (35)

Zyrplx> €& =7 L.

The results are shown in Figs. 7 and 8. Figure 7 exhibits
an interesting result in the coexisting phase of AF order and

8.0
7.0
6.0
© 5.0
4.0

320 30 40 50 60

Cs

.

FIG. 6. (Color online) C vs ¢3 for ¢;=6.0 with L
=12,18,24,30. There exist again two peaks of AF and BEC phase
transitions. However, their order are reversed (BEC peak in smaller
c3 and AF peak at larger c¢3). Both peaks develop as L is increased,
supporting that they are of second order. In the region between the
two peaks, the AF order and the BEC order coexist.
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FIG. 7. (Color online) Spin-spin correlation function Gap(r) of
Eq. (3.4) in the three phases along ¢;=6.0. For small c3, Gg(r) has
a nonvanishing smooth component, i.e., the genuine AF staggered
magnetization. (Remember the direction of the spin on the odd sites
has been reversed.) For intermediate c3, there appears an oscillatory,
i.e., FM component in the AF background. For larger ¢3, BEC exists
without AF long-range order, where the FM long-range order
dominates.

BEC at intermediate c3(c ). There the spin correlation has a
FM component in the AF background. This shows that a
short-range FM order is needed for the BEC as some mean-
field theoretical studies of the ¢-J model'* indicate. As c5 is
increased further, the AF long-range order disappears and the
FM order appears instead as a result of the holon-hopping
amplitude. Figure 8 shows that the BEC certainly develops
for larger c5’s.

Let us comment here on the nature of BEC we have stud-
ied. To study BEC we have used Gggc, the long-range order
of which implies a BEC of electron pairs. There may be
another kind of BEC, a condensation of single bosonic elec-
trons, which is measured by the electron-electron correlation

function, (B,,, ,B,,). (Note that {¢,,.¢,) is not suitable be-
cause it is not gauge invariant and always vanishes.) How-
ever, as we have seen in Figs. 4—6, there is only one peak at
most in the specific heat apart from the peak representing the
magnetic order, so the two condensations, one of single elec-
trons and the other of pairs of electrons take place simulta-
neously.

We measured also the monopole density p,'3 which gives
information on strongness of the fluctuation of the gauge
field U,,. In Fig. 9 we present p along ¢;=6.0. p changes its
behavior around the AF transition point at c3=4.8, indicating
that the AF ordered phase corresponds to the deconfinement
phase of U,,. The low-energy excitations there are gapless
spin waves described by the uncondensed component of z,.

1R

0.8/"
= VN ea=s
kol 0.6 \\“~.. w2 _ ’
% \\’: e B—— g — 35— ¢
G 04

02 . C=28

L C=10 - R

0 1 2 3 4 5 6

FIG. 8. (Color online) Correlation function Gggc(r) [Eq. (3.5)]
of bosonic hole (vacant electron) pair V,, in the three phases for
c1= 6.0.
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FIG. 9. (Color online) Monopole density p for ¢;=6.0 and L
=24. Near the AF phase transition point at c3=4.8 (with an arrow),
the curvature of p changes its sign.

In the paramagnetic phase, on the other hand, the confine-
ment phase of U, “ is realized and the low-energy excitations
are the spin-triplet §x with a gap.

To summarize the results of the 3D system, we present in
Fig. 10 the phase diagram in the c3/c;—1/c¢y, i.e., 6-T plane.
The Néel temperature decreases slowly as ¢ increases, while
the BEC critical temperature develops rather sharply. The
two orders can coexist at low 7”s in intermediate region of 0.
Figure 10 has a close resemblance to the phase diagram of
Ref. 1. However, in Ref. 1, the anisotropic spin coupling is
considered and the phase separation occurs as a result. The
coexistence phase of the AF and BEC orders obtained in Ref.
1 is nonuniform and accompanied with this phase separation.
In the present paper, we studied the system with the isotropic
spin coupling, and the phase with both the AF and BEC
orders is realized under the uniform distribution of holes."
In this sense, the model in the present paper is close to the
fermionic #-J model with parameters >J.> We expect that
the fermionic #-J model has a similar phase diagram to Fig.
10.'6 In Sec. VI, we explain further the implication of the
results obtained in the present paper to the phase structure of
the fermionic #-J model.

IV. BOSONIC ¢-J MODEL IN THE CP!-HIGGS
REPRESENTATION: 2D MODEL AT T=0

As mentioned in Sec. I, the cold atoms can be put on a 2D
optical lattice. At T=0 one may expect a BEC and/or mag-
netic ordering at certain conditions for density of atoms per
well, interaction between atoms, etc. We expect that the
bosonic #-J model in the present section describes dynamics
of bosonic atoms with (pseudo) spin degrees of freedom and
(strong) repulsive interactions between them. For the physics
of high-T, cuprates, it is also interesting to study the 2D
bosonic #-J model at 7=0. The main concern there is the
quantum phase transitions (QPT) of magnetism, MIT, and
SC. Study of the QPT in the doped CP' model is not only
important for verifying the phase diagram at finite 7 obtained
in the above, but also interesting for physics of cold atom
systems in optical lattices.

In this section, we shall briefly review the derivation of
the effective field-theory model for the 2D fermionic #-J
model at 7=0.° Then, in this effective model, by replacing
the fermionic holon variables by Higgs boson variables, we
obtain the bosonic effective model of the 2D bosonic #-J
model at 7=0. The main difference from the previous sec-
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FIG. 10. (Color online) Phase diagram of the 3D model at finite
T in the c3-c; plane (a) and (b) in the c3/c;—1/c; plane (c3/c;
otd/J and 1/c; o T). In the low-T and intermediate S regions, there
exists the coexisting phase of BEC and AF order. All the phase
transition lines are of second order.

tions (the 3D model at finite 7°s) is that the action contains
the kinetic terms of spinons and holons due to their non-
trivial 7 dependence, and one should consider the 2+1 di-
mensional model. They are both 3D models but the cou-
plings along the third-direction (x; or 7) are different in the
two models.

Let us start with the path-integral representation of the
(quantum) partition function ZZ° of the 2D fermionic ¢-J
model in the slave-fermion representation with the CP!
variables,’

ZiP = f 1 [ay,(Ddz,(7)]explA (D], (4.1)

where r=(x;,x,) denotes the site of the 2D lattice and 7
€ (0,%) is the imaginary time. The action AI%D(T) is given
by12

A]%D(T) = f dTE |:_ ((_ﬂrDrrlpr + Zraﬂr) =1 E (l_ﬂrzrﬂ'zrlprﬂ‘
0 r

i=1,2

- IS-- - -
+ (przr—izrwr—i) - ZE 202, Zr4i0r4i | » (42)
i
D,,=0,+iA,, A,=iz0z2, (43)

where i=1,2 denotes the spatial direction index and also the
unit vector.
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Each kinetic term, ,D,.,, Z,0,2,, in A%D is purely imagi-
nary, so the straightforward MC simulations cannot be ap-
plied. However, concerning to z,d,2,, by integrating out the
half of the CP! variables (e.g., z,’s on all the 2D odd sites,
ie., €°=(-)"""2=-1) one may obtain a purely real action
as a result. That real action describes the low-energy spin
excitations in a natural and straightforward manner.

Explicitly, we assume a short-range AF order,

(z62), ~ = (262) ;- (4.4)
Then we parameterize each CP! variable z,, at the 2D odd site
o by referring to one of its NN partner z, at the even site e at
equal time as

ZO :pOCZC + (1 - |p0€|2)1/2UOCZC’ (4'5)

where p,. is a complex number sitting on the link (oe) and
U,. is a U(1) phase factor that makes the parameterization
[Eq. (4.5)] to be consistent with the local gauge symmetry.!”
The assumption [Eq. (4.4)] implies |p,.|><1, which is justi-
fied by the J term in the action (4.2) for the lightly doped
case (6<<1).'® Integration over z, is reduced to the integral
over p.., which may be approximated as the Gaussian inte-
gration link by link,

f dpdp exp(= pMp + pk + €p) = det M~" exp(¢M~'k).

(4.6)

The CP! part of the resulting action is not symmetric con-
cerning to spatial directions because the choice of a definite
even-site partner breaks it. However, by considering the
smooth configurations of spinons z(r,7), one recovers the
symmetric action in the form of continuum space, !

A 1=—Lfmd7fd2r 1022 D_»ZD-Z+LEDTZ
CP 2a2 O 1 v 2J ’

i=1,2

D,=d,+iA,, A,=iz,z, (4.7)
where a is the lattice spacing (hereafter we often set a=1).
The relativistic couplings of Eq. (4.7) give rise to spin wave
excitations in the background of AF order with the dispersion
E(k) =k instead of E(k)>k* in the FM spin model.

The integration over the odd-site spins affects the holon
and spinon hopping term. The most important point is that

the U(1) factor U, always appears in combination with ¢, as
U,.i),, and therefore we redefine U,.if,— i,. Then new i,
transforms under a gauge transformation as i, — e %,
This property is consistent with the fact that spinon hopping
amplitude, e.g., from even site (e’) to odd site (0), contains
factor (Z,-Z.+) in the resultant effective action like

(Ze : Ze’)l_polpe’ +C.C. (48)

Finally, the holon kinetic term is now expressed by using
l/)(:ew=l_]oe gld aszl

PHYSICAL REVIEW B 80, 144510 (2009)

- f dr{E Do Oy iAW+ 2 Yol0r— iAo |-

(4.9)

To proceed we note that the obtained total action is not
symmetric w.r.t. the spatial directions, but a symmetric one
can be available by reintroducing CP! variables at the 2D
odd sites according to the invariance under a local U(1)
gauge transformation. Furthermore, by choosing the lattice
spacing in the x5 direction suitably, the symmetry in all the
three directions is recovered. Then the spin part ASD of the
action becomes nothing but the 3D action A, of Eq. (2.10).
Both of them have the same continuum limit [Eq. (4.7)] for
the spin part, so they are to be categorized to the same uni-
versality class.

Then the bosonic 7-J model on the lattice is obtained by
the replacement i, — \S¢,, d,=exp(ie,) as in Eq. (2.7).
The partition function Z*P on the 2+ 1-dimensional space-
time lattice is then given by

7?P = f 11 [dzxdqﬁxl_[ deM] exp(A2P),
X m
A=A+ A7P, AP = A, of Eq.(2.10),

S3 - — — =
AﬁD = E( E ¢x+3 Ux3 ¢’x + 2 ¢x+3 Ux3 ¢x + 2 Zx+izx¢x+i¢x

xee X€EO xee,i

+ 2 szx+i¢x+i($x + C~C~> . (4 10)

X€0,i

Here x=(x;,x,,x3), and r=(x;,x,) stands for the coordinates
of the 2D plane and x3(=0, 1, ...,%) is the discretized imagi-
nary time (7=x3a;). Even (e) and odd (o) sites are defined
regarding to the 2D plane as eszE (=) 1*2=1(even),
—1(odd).

The coefficients c;,s3 are related to the parameters of the
t-J model as follows:??

¢y ~ constant independent of J and ¢,

t

53 Jé. (4.11)
¢, measures the solidity of the Néel state in the AF Heisen-
berg magnet at 7=0. s3 is the hopping amplitude of elec-
trons. For the AF Heisenberg model with the standard NN
exchange coupling, ¢;>c;.=2.8, and the critical value c,
decreases (increases) if long-range and/or anisotropic cou-
plings that enhance (hinder) the AF order are added.??

In A, we added the Hermitian conjugate of the holon ki-

netic term, ¢,,3(U,3,U,3)d,, which were absent in Eq. (4.9),
to make the action real, explicitly. This modification might
sound crucial. However, we expect it a modest replacement
because the omitted imaginary part, —i(,,3U,3¢,—c.c.), etc,
should have vanishing expectation value and behave mildly
for the relevant configurations for the original action without
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the complex conjugates. Another support for this modifica-
tion is given by taking into account the fluctuation of holon
field.?*

Let us summarize the difference between the 2D model at
T=0 and the 3D model at T>0 of Eq. (2.10). To see it
explicitly, it is convenient to use the redefinition,

&, for €§D=—1

(2D model),
¢, for €=1

b, = (4.12)

and the relation zZZ'=-77". Then A;° becomes

S3 il ’ ~ = g ’
Ak21D = EE <¢x+3 Ui, + 2 éychZx+in¢x+i¢x + C'C'> .

(4.13)
In the similar notation,
g =1% 0 &=L ah model),  (4.14)
¢, for €,=1

the action A}, of the 3D model [Eq. (2.10)] is given as

¢ ~ = g1 ’
Ay = 532 (6ZcruTxPrs Py + ). (4.15)
X,

Thus, the hopping of holons ¢, along n=3 is uniform in the

¢@ channel in the 2D model, while it is alternative in the ¢¢
channel in the 3D model, i.e., the latter has an extra factor

().

V. NUMERICAL RESULTS II 2D MODEL AT T=0)

A. Phase diagram

We studied the quantum system A%P of Eq. (4.10) by MC
simulations.? In this section we show the results of these
calculations. Let us first present the obtained phase diagram
in Fig. 11. Its phase structure is globally similar to Fig. 10 for
the 3D model at finite 7”s. As s5 is increased, the AF order is
destroyed and the BEC appears. The appearance of a first-
order transition line is new. Below we shall see the details of
various quantities, which support Fig. 11. We select the fol-
lowing four points in the phase diagram to represent each of
four phases; (I) s3=1,c¢;=2; normal and paramagnetic states.
(IT) s3=1,c¢;=20; AF state without BEC. (Ill) s3=6,c,=4;
BEC state with a FM order (IV) s3=30,¢,;=20; AF and BEC
states. As presented later, various quantities are measured on
these points and compared with each other.

Let us comment here on the assumption of the short-range
AF order [Eq. (4.4)] in deriving the effective model Eq.
(4.10). As the phase diagram of Fig. 11 shows, we find that
there exists a FM order for small ¢, and large s;. So the
applicability of Eq. (4.4) in this parameter region might be
questionable. However, the existence of the FM order itself
in Fig. 11 is consistent with the results of the 3D finite-T
system obtained in Secs. IT and III (as long as each phase at
T=0 smoothly continues to 7>>0). Thus we expect that the
global phase structure of Fig. 11 is not affected by the as-
sumption, Eq. (4.4), although the location and the nature of
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FIG. 11. (Color online) Phase diagram of the 2D 7-J model at
T=0 in the s3—c; plane (a) and in the s3/c;—1/c; plane (b). The c,
term controls the stability of the AF Néel order, whereas the 53 term
represents holon hopping. In the large ¢; and intermediate s3/cy,
there exists the coexisting phase of AF order and BEC. At the
merging point V, the peak in CP disappears. NS stands for normal
state and FM for ferromagnetic order. The phase transition line
separating AF and BEC+ AF phases is of first order, while other
three transition lines are of second order. The four points (I)—(IV)
marked by stars are selected as typical points: (I) ¢;=2,s3=1; (II)
¢;=20,s3=1; (IMl) ¢;=4,53=6; and (IV) ¢;=20,s53=30.

the phase boundaries need some modifications. Furthermore,
calculations of various physical quantities in that phase give
us very important insight in understanding the whole phase
structure of the model.

B. Specific heat and internal energy

We first study the “specific heat” (fluctuation of the action
AZD),

CP = (A~ (A, (5.1
In Fig. 12 we present C?P as a function of s; for various
values of c¢;. We also present the “specific heats” Cf,D and
CiP of each term AZ°; A7 in the action as defined in Eq.
(5.1). As in the previous 3D finite-T case, these results indi-
cate that there exist two phase transition lines in the s;—c;
plane. They intersect at ¢; =5.0, s3=4.0. At the BEC transi-
tion points at high ¢,’s (low 1/¢;) (see Fig. 12 for ¢;=8.0
near s;~7.0), C?P exhibits large values and large system-
size dependence.
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FIG. 12. (Color online) “Specific heats,” C**,C2P, CiP vs s5 for
¢1=4.0,5.0,8.0. The notation C,—24 denotes CED for L=24, etc. At
¢1=5.0 the two peaks almost merge.

In order to see what happens at this intersecting point of
the two phase transition lines, ¢; =5.0,53=4.0, we measured
“internal energies” (A?P),(AZ°),(AP), and C?°,C?P,C2P as
a function of 1/c¢; along s3/¢;=0.83. We show the result in
Fig. 13. At the intersection point, the total specific heat C?P
exhibits no anomalous behavior, though C?° and C;° show
peaks at that point. The calculations shown in Fig. 13 show
an interesting phenomenon that anomalous behavior in <A§D>
and (AiD ) cancel with each other and the total (A%P) is a
regular function of 1/c;.

To verify the order of the phase transitions, we measured
distribution of A%P for configurations generated through the

<A> P
] <A2D>
105 Lo L 100
<A2,::)>‘AA . - ...
a, . D*SO
P . R
14 : : 10
0.1 0.2 03 1/cq

FIG. 13. (Color online) “Internal energies” <A2D>,<A§D),<AﬁD)
vs 1/c; for fixed s3/c;=0.83. We also show C?P. The intersection
point of the two phase transition lines (merging point of the AF and
BEC phase transitions) is marked by an oval. At this region, C?P
exhibits no anomalous behavior. Slightly anomalous behavior of
<A§D ) and (AﬁD ) cancel with each other and the total (A%P) is a
regular function of 1/¢;.
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FIG. 14. (Color online) Distribution of A?P. At ¢,=12, s3=11, it
exhibits a double-peak structure, whereas the other two do not. This
result means that the phase transition here is of first order.

MC steps. In Fig. 14 we present the distributions of A?P
around c¢;=12, s3=10,11,12. The distribution at the middle
point, s3=11, shows a double-peak structure, so we con-
cluded that the phase transition at this point is of first order.
We found that the phase transition separating the AF and
AF+BEC phases is of first order, while the other three tran-
sition lines are of second order. The difference of the order
(first vs second) in the 3D and 2D models may be attributed
to the difference of holon hopping along the third direction
explained at the end of Sec. IV. The present 2D model has a
¢ uniform coupling, which put more weight for ordering of
holons and spinons than the 3D model. This may generate
the first-order transition in certain regions.

C. Spin correlations

In this section, we investigate the spin correlation func-
tion at equal time,

1 N
Gar(r) = =2 (S1iriS), (5.2)
2V

and show the snapshots of spin configurations. In Fig. 15 we
present G,p(r) and the snapshots of spins at the typical four
points (I)-(IV) in the phase diagrams of Fig. 11. In the snap-
shots, each §x starts from the center of the unit sphere and
ends at a dot on the sphere.

(I) ¢;=2,s3=1: directions of spins are random, and there
is no long-range magnetic order. (II) ¢;=20,s;=1: this point
in the phase diagram is located in the deep AF region. It is
obvious that there exists the AF long range order. (II) ¢,
=4,s5;=06: there appears the oscillative order around G =0,
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FIG. 15. (Color online) Spin correlation function Gg(r) of Eq.
(5.2) and spin snapshot at the points (I)-(IV) in Fig. 11. (i) ¢;=2,
s3=1. There is no long-range order of spins. (II) ¢;=20, s3=1. End
points of spins are centered near the south pole of the sphere, indi-
cating the (AF) long-range order. (Ill) ¢;=4, s3=6. Results indicate
the alternative order, i.e., the FM order. (IV) ¢;=20, s3=30. End
points form two groups on the sphere, indicating a canting “order”
of spins (Ref. 14).

i.e., the FM long range order instead of the AF order. (IV)
¢1=20,53=30: the even and odd site spins have their own
magnetizations, 1\71e and ]l710, and these even and odd magne-
tizations cant with each other. This corresponds to the cant-
ing state studied in Ref. 14. In other word, there appear a
component of a FM order in the background of AF long-
range order.

D. Gauge dynamics and topological objects

In this section, we study the gauge dynamics associated
with two U(1) gauge fields; the spin hopping amplitude U,,,
and the dual U(1) holon hopping amplitude W,; defined as
follows:

sz_x i
W, == e U(l). (5.3)
|szx+i|
For U,,, we calculated the instanton density p as in Sec.

I11,%° whereas for W,;, we calculated its gauge-invariant flux
density,

1 -

fw= ;T<m0d[— i 10g(WoW, 1 W1 oaWa), 27, (5.4)
as W,, has only the spatial components. In Fig. 16 we present
p and fy, as functions of s3; (a) ¢;=8.0 and (b) ¢;=4.0. For
the both cases, it is obvious that p and fy, change their values
suddenly at the relevant phase transition points determined
by C?P. We also verified that the singular behavior of the
“specific heat” C,(C,) correlates to that of p(fy) as it is
expected.
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FIG. 16. (Color online) The instanton density p and the flux
density fy of Eq. (5.4) for (a) ¢;=8.0 and (b) ¢;=4.0. “TP,"(“TP}”)
indicates the location of the AF (BEC) phase transition point. p
changes suddenly at TP,. while fj, changes suddenly at TP} as
expected.

p influences the low-energy excitations of the spinon sec-
tor, whereas fyy is related to the holon hopping. The large-p
region corresponds to the confinement phase of spinons and
the low-energy excitations there are described by the spin
triplet z,6z,. On the other hand, in the small-p region of the
AF state, deconfinement of quanta z, takes place, and the
low-energy excitations are gapless spin waves.

Large fluctuations of W,; hinder coherent hopping of ho-
lons, and induce large ﬂuctuatlons of the holon field ¢,.
However, as the holon density ¢ is increased, the holon hop-
ping term stabilizes W,; and reduces fy,. From our study of p
and fy, there seem to be some correlations between them,
the origin of which is of course the term A;P.

E. Electron correlations

In this section, we study the correlation functions of
single electrons and electron pairs in the 2D lattice in the
various phases. We define the bosonic electron operator, B,,,
as follows:

Bzl x {2 <=l (5.5)
T gy, for €P=—1. '

B, is invariant under the local U(1) gauge transformation.
We define also operators of the spin-singlet and the spin-
triplet pairs of bosonic electrons on the NN sites at equal
time,

A)Sci = +z TB Bl+z 18

AL =8B!

Y+, TBL + B;ﬂ,lBiy (5.6)

Then we introduce correlation functions of B, and A%/ at
equal time as

V)—_E< x+rz(r

XI(T
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FIG. 17. (Color online) Electron correlation functions of Eq.
(5.7) at the four points (I)-(IV) of Fig. 11: (a) Gy(r) of single
bosonic electrons; (b) G*'(r) of spin singlet and triplet pairs. Their
meaning in each point is discussed in the text.

1 _
Gs,t(r) = E <As,t At

AV x+ri,joxj (57)

xi#j

Their behaviors in the previous four points (I)~(IV) in Fig.
11 are shown in Fig. 17. Each point has the following prop-
erties;

(I) NS phase and (IT) AF phase: all the three functions,
Gg(r),G%(r) have no long-range correlations. (III) BEC
+FM phase: Gy(r) and the triplet pair G'(r) exhibit the long-
range order, and the BEC takes place in these channels. (IV)
BEC+AF phase: all the three functions exhibit the long-
range order, and the BEC takes place. As discussed in Sec.
III, these results are consistent with the expectation that the
two BECs, one of single electrons and the other of (triplet)
electron pairs, take place at the same time. Furthermore,
these results and the previous results on the (AF and FM)
spin orders indicate that the BEC order and spin order can
be superimposed in certain region. This is another example
of the “spin-charge” separation.

VI. CONCLUSION

In this paper, we have investigated the bosonic #-J model
in the CP'-spinon + U(1) Higgs-holon representation. This
model is introduced by replacing the fermionic holons with

PHYSICAL REVIEW B 80, 144510 (2009)

the bosonic ones in the slave-fermion #-J model. We studied
its phase structure and the dynamical properties both in the
3D finite-T model and the 2D 7=0 model. In particular, we
are interested in the interplay of the BEC and AF order,
because a coherent holon hopping is required for the BEC,
whereas it hinders the AF long-range order. Our study by
means of the MC simulations exhibits a phase diagram in
which the coexistence region of AF and BEC orders appears.
This result suggests that in the fermionic 7-J model a MIT
takes place at a finite hole concentration &, and that phase
transition point is located within the AF region of the spin
dynamics. From the result of the present paper, we also ex-
pect that as ¢ is increased further, the BEC phase transition
through the formation of electron pairs and their BEC takes
place in the AF region. Actually, this problem can be studied
in the framework of the fermionic 7-J model in the slave-
fermion representation. Explicitly, one may obtain the effec-
tive model by integrating out the fermionic holon field by the
hopping expansion. The resultant model includes only the
bosonic variables; z, of spinons, “order parameter” of the
coherent hopping of holons (i.e., the dual gauge field W),
and the SC order parameter of electron pairs, which can be
analyzed numerically.'® For this scenario one should include
some interaction terms that we have ignored in Sec. IV in our
action, but have been generated in the process of integrating
half of the spinon variables.® Among these terms, there is an
attractive interaction between fermionic holons at NN sites.?’
This term favors formation of holon pairs, and their coherent
condensation gives rise to the superconductivity.

In an optical lattice, cold atoms at each well can have
(pseudo) spin degrees of freedom 2s+1=1,2,..., and there
appears an AF interaction among them as a result of the
repulsion. In this case, the CP' constraint is changed to
32 _ |zwa?=2s, but this change in the normalization of z, can
be absorbed by the parameter ¢,. Then cold atom systems
with one particle per well can be described by the CP! model
such as A of Eq. (2.10).28

We expect that A?P of Eq. (4.10) describes a 2D system of
bosonic cold atoms with (pseudo) spin and repulsive interac-
tion in an optical lattice slightly away from the case of one
particle per well. For such system of cold atoms the phase
diagram, Fig. 11, indicates the coexistence of a BEC and a
long-range order of an internal symmetry.?

Let us comment on the effect of our replacement [Eq.
(2.7)] of fermionic holons by Higgs field with a uniform
amplitude, \'8¢,. Being compared with the faithful bosonic
model of the original 7-J model, this replacement certainly
ignores fluctuations of the amplitude (density) of holon vari-
able, which disfavors the BEC of holons. However, we ex-
pect that the BEC we obtained in the present model should
survive in the faithful bosonic 7-J model, although location
of the transition curves may change. This problem is under
study and we hope that result will be reported in a future
publication.?
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